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Source Localization in Reverberant Environments:
Modeling and Statistical Analysis
Tony Gustafsson, Member, IEEE, Bhaskar D. Rao, Fellow, IEEE, and Mohan Trivedi, Senior Member, IEEE

Abstract—Room reverberation is typically the main obstacle for
designing robust microphone-based source localization systems.
The purpose of the paper is to analyze the achievable performance
of acoustical source localization methods when room reverberation is present.
To facilitate the analysis, we apply well known results from room
acoustics to develop a simple but useful statistical model for the
room transfer function. The properties of the statistical model are
found to correlate well with results from real data measurements.
The room transfer function model is further applied to analyze
the statistical properties of some existing methods for source localization. In this respect we consider especially the asymptotic error
variance and the probability of an anomalous estimate. A noteworthy outcome of the analysis is that the so-called PHAT timedelay estimator is shown to be optimal among a class of crosscorrelation based time-delay estimators. To verify our results on
the error variance and the outlier probability we apply the image
method for simulation of the room transfer function.
Index Terms—Acoustic arrays, acoustic signal processing.

I. INTRODUCTION

S

EVERAL approaches for acoustical source localization
using microphone arrays have appeared in the literature.
Among existing proposals, those based on time-delay estimation (TDE) have gained the most attention, see e.g., [1]–[4]. In
this context, the signals received from a pair of microphones
are modeled as

(1)
is the output of the th receiver,
is
where
is an additive noise term asthe unknown source signal,
, and is the difference in propasumed uncorrelated with
gation times (i.e., the unknown relative time-delay). Assuming
that several such microphone pairs are distributed over the spatial region, the source location is obtained from the estimated
time-delays, see, e.g., [2], [4], [5].
Knowledge about the location of the source is crucial e.g., for
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fice-like environments, the accuracy of the estimated time-delay
is typically limited by room reverberation rather than by additive uncorrelated noise as in (1). In a reverberant environment,
the measured microphone signals are modeled as
(2)
and
. Here,
represents the impulse
response of the acoustical transfer function from the source
to the th microphone. To facilitate the analysis we assume
is time-invariant; it is hence assumed that the source
that
location is fixed.
The empirical experience is that once the level of room
reverberation rises above minimal levels, existing methods for
TDE begin to exhibit substantial performance degradations.
Among the few publications available concerning the performance of TDE in reverberant environments, we mention
[8]–[10]. In [9], Ianniello studied the case with one source
and two or three resolvable propagation paths. However, room
reverberation typically consists of the superposition of a large
number of echoes. The results in [9] are therefore applicable
only in situations where the early reflections are strong and
“late reverberation” weak. In [8], Champagne et al. applied
. Based on an analogy
the image method for simulation of
with performance bounds for the single-path propagation
model (1), a lower bound was suggested for the variance of
the estimated time-delay. Although the proposed lower bound
in a simulation study accurately predicted the variance of the
estimated time-delay, a theoretical justification of the proposed
lower bound was not provided. Reference [10] also focuses on
the variance of the estimated time-delay, and can be considered
as an early version of the present paper.
The main contributions of the present paper are as follows.
1) Utilizing results from statistical room acoustics we develop a room transfer function model that can be of utility
for signal processing researchers in developing and analyzing microphone array based source localization algorithms.
2) The statistical model is used to develop Cramér-Rao
lower bounds (CRB) for time delay estimates in reverberant environments thereby facilitating an understanding
of accuracy limits. Furthermore, these results provide
a theoretical basis for results recently developed in this
context by [8].
3) The acoustical modeling is also utilized to better understand cross-correlation based methods for time-delay estimation. In particular, the Generalized Cross Correlation

where
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(GCC) method [16] is examined and optimal weightings
are determined. Interestingly it turns out that use of the
optimal weights results in the PHAse Transform (PHAT)
method.
4) The derived CRB is rather local in the sense that it is
reachable only under ideal conditions. In practical applications the limiting factor is instead the fact that GCCbased localization methods suffer from outliers when reverberation is present. Assuming that a GCC-based localization method is applied, we derive expressions for the
outlier probability. These results should be of much use
in understanding how to combine microphone arrays and
room acoustics for achieving desired performance.

To model the high-frequency part of
, we will apply the
theory of random (or diffuse) sound fields. A diffuse sound field
is present when the following conditions are fulfilled [12], [13]:
A1 The dimensions of the room are large relative to the
. For the frequencies of interest (in
wavelength of
speech processing we are mainly interested in the band
300–3500 Hz), this condition is usually satisfied.
A2 The average spacing of the resonance frequencies of
the room must be smaller than one third of their bandwidth. In a room with volume V (in m ), and reverber(in seconds), this condition is fulfilled
ation time1
for frequencies that exceed the “Schroeder large room
frequency”:

II. STATISTICAL ROOM REVERBERATION MODEL

(6)

In this section, we introduce the room reverberation model,
which is built on some well-known results from statistical room
acoustics. The key assumption we make is that the impulse recan be decomposed as
sponse
(3)
denotes direct-path propagation, and
where subscript
corresponds to diffuse sound propagation. Recently, Radlović et
al. [11] applied a similar model to investigate the robustness of
acoustical equalization techniques.
A. Direct Path Propagation
Assume that the source is located at , the microphones are
and
, and let
. The dilocated at
rect-path impulse response is modeled as

A3

The source and the microphones are located in the interior of the room, at least a half-wavelength away from
the walls. The sound field at a wall-mounted microphone can hence not be modeled as diffuse.
(the
The statistical properties of the transfer function
) is independent of the time-instant
Fourier transform of
of observation. That is, given a fixed source location and fixed
will remain constant (unless the
microphone locations,
room configuration somehow is altered!). To emphasize this
, and denote
fact, we define the vector
the impulse response and its frequency response accordingly:
. For a fixed
, we hence consider
to be a realization of the random function
.
component of
as
Write the th
(7)

(4)
denotes Dirac’s delta function, and
where
difference in propagation times

denotes the

(5)
Here, the speed of sound is denoted as (generally specified as
m/s at 21 C), and
, where is the
distance from the source to the point in-between the two microphones. Model (4) is valid when both microphones receive an
equal amount of power from the direct-path; it is thus assumed
and that the source is a
that
point source.
B. Properties of
The sound pressure at a microphone is built up of the directpath, plus several waves due to multiple reflections of the original sound. These reflections travel in different directions and
encounter the walls at different angles of incidence. Studying
can be computed by solving a
an empty rectangular room,
wave equation, see for example [12, Ch. 3]. At higher frequencies, the complexity (in terms of the number of modes) of “deterministic” wave equation based modeling increases to a point
where exact analysis is no longer feasible.

and
are the real and imaginary parts
where
, respectively, and
. We next cite a couple
of
of useful results from [13] (assuming A1–A3 to be fulfilled)
(8)
(9)
denotes the normalized (i.e.,
Here,
) correlation function between
and
.
Note, the expectation operator used to define the correlation
functions (8)–(9) should be interpreted as the ensemble average
over all allowable (in terms of assumption A3) values of , de. From [13] we also
noted with the expectation operator
.
find that
and
From (8)–(9), we draw the conclusion that
are uncorrelated for “
sufficiently large.”
as
We next define a “coherence bandwidth”
(10)
1The reverberation time T
is defined as the length of time for the sound
intensity level in a room to decrease by 60 dB after the sound source is shut off.
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Consequently, when
the random variand
are considered uncorrelated.
ables
and
Consider next the spatial correlation between
. No general results seem to be available in the literature.
, and if the conditions for
However, if
diffuse sound are fulfilled [12, Ch. 8] shows that
(11)

, and
. If the
where
can
source energy is not concentrated to a single frequency,
be replaced with the mean of the highest and lowest frequencies
of the source signal. Expression (11) is only approximately
true in that case. Similarly to the definition of the coherence
bandwidth, we define a spatial coherence distance as the first
. For speech signals, the mean
zero-crossing of (11);
of the highest and lowest frequencies equals approximately
, implying that
m.
Let us finally consider the variance of the random variable
. Reference [12, Ch. 5] shows that

(12)
denotes complex conjugate,
is the
Here,
reflection coefficient, and denotes the total wall area of the
room.
C. Model Validation
1) Synthetic Data: We consider an empty rectangular room
with plane reflective surfaces. The walls are characterized by the
reflection coefficient , which is assumed identical for all walls.
,
We have simulated a room with dimensions
(all measures in meters). We assume that there is
and
an omni-directional (spherical radiator) acoustical point source
present in the interior of the room. The radiated signal is measured by omni-directional microphones, which are located in
, we
the interior of the room. To generate realizations of
apply the following procedure.
• Define initial positions of the microphones and the source,
, and , respectively. The iniand denote them
are
tial positions are chosen such that the desired
obtained.
• For each simulation, generate a random translation and a
), where
3 3 random rotation matrix (i.e.,
denotes the -dimensional identity matrix. Let
, where
. The mapping
is
and
. Note that the triplet
applied also to
is invariant to
.
using
• Apply the image-method [14] to compute
, and
, as input data.
• The reverberant part of the impulse response is computed
by subtracting the direct-path impulse response
(13)

(;)
=
= 05
=7

Fig. 1. Simulated data: Estimated correlation functions of R !  . Here r
m, the number of realizations of R !  equals 250, and T
: s.
Vertical dash-dotted line indicates the coherence bandwidth 
=T , and
the solid line illustrates the theoretical correlation functions (8)–(9) and (12).
Top: q '
!=  . Bottom: '
!=  .

( ;)

3

^ ^ (1 2 )

^ (1 2 )

where the notation
was introduced to indicate that
is the th realization.
In this manner, we compute new realizations of
without affecting the direct-path transfer function. The
image-method in addition requires the reflection coefficient
as input data. For a given value of
, the reflection coefficient
is computed from Eyring’s formula [12]
(14)

kHz, and
The sampling frequency is chosen as
is truncated to
samples. For each realization, the
, is computed
reverberant part of the transfer function,
in the interval [300, 5000] Hz.
, we now estimate the
For a particular outcome of
and the normalized cross-corauto-correlation
. The final estimates of the correlation
relation
functions are obtained by averaging the estimated correlation
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Fig. 2. Simulated data: Spatial (normalized) correlation '
!
,
as a function of the microphone separation. Here, r
m, the number of
realizations of
!  equals
;T
: s, and 
.

R( ; )

250

=05

functions using 250 random realizations of
. In this
. In Fig. 1,
manner we simulate the averaging operator
the estimated as well as the theoretical (cf. (8)–(9)) correlation
s. The results
functions are illustrated for the case
in Fig. 1 indicate a good match between the theoretical and
estimated correlation functions. In Fig. 2, we next plot the spaas a function of . As expected,
tial correlation
tends to decrease as the microphone separation
increases.
2) Real Data: Our next example deals with real data. At our
m,
disposal we had an office with dimensions
m, and
m. The room was empty, except for a table
in the middle of the room. A microphone was placed at
. We next measured the transfer function from the
microphone to 128 different source positions evenly distributed
over the room. For all source positions, the loudspeaker was
located at a fixed height of 1.1 m. The source signal was a chirpsignal (100–500 Hz). The microphone outputs were sampled
Hz, and the transfer functions were estimated
with
Hz.
at 1024 frequency points in the interval
Given the set of estimated transfer functions, correlation
functions are estimated exactly as in the Section II-C1. However, let us first study the ensemble average of the envelope of
. For diffuse
the estimated impulse response, denoted
should decay as
, cf. [13]. Hence,
sound,
should decay linearly as increases. In Fig. 3, the
is illustrated, and a straight-line (least
outcome of
squares) approximation of the reverberant part is illustrated
as well. From the slope of the straight-line approximation
s, resulting in a Schroeder large
we find that
Hz. Applying the estimated value
room frequency
of the reverberation time, we next computed the theoretical
and
.
correlation functions
We remark that 1) according to A3 the microphone is not located in the interior of the room and 2) the spectrum of
just barely satisfies the condition for the “Schroeder large room
frequency.” Despite this, Figs. 3 and 4 indicate a good agree-

log ^( )

Fig. 3. Real data: ensemble average of the envelope of the impulse response,
fh nT g.

= 0 35

Fig. 4. Real data: estimated and theoretical (assuming that T
:
s) correlation functions of the estimated room transfer function. Top:
'
!=  . Bottom: '
!=  .

^ (1 2 )

^ (1 2 )

ment with the results of Section II-B. Note also that we did
not eliminate the direct path part of the transfer function when
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generating Figs. 3 and 4. This is most likely the reason why
the theoretical auto-correlation in Fig. 4(a) decays more rapidly
than the empirical one as the frequency separation increases.
In Fig. 3, we further notice three different characteristics of
: direct-path propagation for
, dom, and late reverberation
inant early reflections for
. The main error in the introduced statistical model
for
is then that the dominant early reflections
are lumped together with the reverberant part.
III. STATISTICAL ANALYSIS
In this section we present a statistical analysis of the performance of source localization techniques in the presence of room
reverberation. Using the statistical transfer function model developed in the previous section, the CRB for time-delay estimation and relevant Maximum Likelihood estimators are derived.
In addition we analyze the performance of GCC, both in terms
of asymptotic error variance and in terms of the probability of
an anomalous estimate.
A. Single-Path Propagation TDE

795

methods, we will in the analysis typically assume that the additive measurement noise
is absent. Given measurements of
for
, the frequency domain representation reads
as

(18)
denotes the Fourier transform of the source signal.
where
Here, it is assumed that is large so that the windowing distortion is negligible. To simplify the presentation, we scale the mi, and define the following quanticrophone outputs with
ties:

(19)
(20)
where, consequently

Considering TDE for the single-path propagation model (1),
the GCC [16] method is a popular alternative. GCC offers relatively high accuracy, and a modest computational complexity
(FFT-based implementations). The estimated time-delay is obtained as
(15)
where

(21)

denotes complex conjugate transpose. Assume that
and
is band-limited to the interval
Hz,
the source signal
. Suppose that the microphone output
is
and that
Hz (assuming that
sampled with sampling frequency
), to produce the sequence
,
. For sampled data, (18) is computed using
where
the Discrete Fourier Transform (DFT)

(16)
(22)
denotes the estimated
Here,
cross-power spectrum, is the observation time, and
is a weighting function. The CRB (assuming
and
to be zero-mean, mutually uncorrelated wide-sense
stationary Gaussian random processes with power spectra
and
) is further known to equal
[16]
(17)
indicates that the CRB is valid for the
The subscript
single-path propagation model (1). In (17), we introduced the
where we
signal to noise ratio
.
for simplicity assumed that
and
,
Note, with the above assumptions on
such that GCC is the Maxthere exists a weighting
imum Likelihood (ML) estimator of [16].
B. Preliminaries
Since our main goal is to understand how room reverberation affects the performance of acoustical source localization

The DFT is computed for
. Due to the band-limited nature of
only for
, where

, we consider
and

.

C. CRB for TDE
We begin our statistical investigation by deriving the CRB
for estimation of , based on the model (22). First we need to
should be modeled. One option is to assume
discuss how
are unknown but deterministic parameters. In
that
the sensor array processing literature, it is well known that the
corresponding CRB usually is too optimistic and hence unreachable, cf. [17].
is a zero mean
In the following we instead assume that
wide-sense stationary random processes with power spectrum
. Conditioned on a fixed
, the DFT coefficients
are asymptotically (i.e., as
) a sequence of uncorrelated zero-mean Gaussian random variables with variances
, see, e.g., [18, Ch. 15]. Imposing the natural assumpand
are independent, it follows from the
tion that
that
and
are uncorrelated (but
whiteness of
not necessarily independent!). This observation holds true irrespective of the value of the coherence bandwidth . To see this,
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study the expected value of the product of two arbitrary elements
and

(23)
For the above result to hold true, the expectation operator must
be defined as the ensemble average over all signal realizations,
.
and over all source/microphone positions, denoted as
The remaing and most difficult issue is to determine the sta. For
large
is Gaussian,
tistical distribution of
and from the central limit theorem one could argue that also
is Gaussian. The random vector
is then a
, a Gaussian random vector and
sum of
, a product of two uncorrelated Gaussian
random vectors . It hence seems difficult to establish the
. In the following, we ignore that the
distribution of
is unknown, and perform the calculations
distribution of
is Gaussian.
pretending that
is a sequence
Proposition 1: Suppose that
of uncorrelated zero-mean Gaussian random variables with
and

(24)

denotes the same transfer function with reverberation included. In order to relate Proposition 1 to the findings in [8],
let us include the effects of additive measurement noise in
the CRB expression (25). Assuming that the additive noise
is zero-mean, white, Gaussian, and with variance
, the CRB expression (25) for the
case with additive measurement noise present reads as
(28)
where the signal to noise and reverberation ratio (SNRR) is defined as
(29)
appears in (28), in contrast to the expression
Note that
(25).
Proposition 1 can then be related to the findings in [8] by
observing that SNRR in (29) corresponds to the average value
(27), assuming that
of
corresponds to diffuse
1) the quantity
sound;
so that the two micro2)
phones receive an equal amount of energy from the direct
path.
D. Analysis of GCC

Then, any unbiased estimator
fies

of the true time-delay

satis-

(25)
where subscript “rev” indicates CRB for the room reverberation
model, and the Signal to Reverberation Ratio (SRR) is defined
as

The purpose of the following section is derive the variance
of as defined in (15). Analysis of is in general difficult due
to the combined effects of a finite measurement time and the
. To simplify the statistical
nondeterministic nature of
analysis we will neglect the influence of a finite observation
time, and focus on the effects of room reverberation.
instead of
in (16), we find that
Using
where
and
(30)

(26)
Note, although the derivation is performed for the discrete time
.
case, the dimension of (25) is
Proof: Standard calculations which are omitted.
Based on empirical observations it was recently suggested
that the CRB (17) for single-path propagation is valid also for
is
reverberant environments, with the distinction that
modified to account for the effects of room reverberation. The
“equivalent SNR” suggested in [8] reads as

(27)
denotes the transfer function from the source
where
to the th microphone in case of no reverberation, and

(31)

has been suppressed.
To simplify the notation, argument
To perform the analysis, we assume that is consistent in the
as
. We will not discuss precise
sense that
conditions for this to hold, but simply assume that the user has
so that
in the absence of reverber“chosen” and
ation.
The basic idea in the following is to compute the variance of
for large SRR’s. Since maximizes
, where
denotes the gradient of
evaluated at . For SRR
large, a first order Taylor expansion yields
(32)
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where

where
thus given by
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For

denotes the Hessian. It now follows that

. For high SRR the variance of

(i.e.,
, and

can be simplified as

(33)

(41)

is

,
where the last approximation is applicable as long as
(
s for speech). The final approximation
i.e.,
of the gradient then reads as

(34)
where
(42)

(35)
and
are Gaussian random
Assuming that
variables with a negligible spatial correlation it follows
, and
that
. From these relationships, and since we
can be
in (34) neglect all terms that are of order
approximated as

and
are assumed uncorrelated for
Since
now straightforward to compute

, it is

(43)
Since

as
, can be written as

, the Hessian evaluated at

(36)
Applying the approximation (36), the gradient
written as

(44)

can be

or with approximations similar to the ones that lead to (42)
(45)
(37)

(35). The main technical
Consider then the computation of
and
have
difficulty in computing is the fact that
. Although
a nonnegligible correlation, unless
this correlation with some effort can be included in the calculations, we have chosen a simpler but approximate approach.
Introduce the following sampling of the frequency axis:

Using (43) and (45), the large SRR mean square error (34) can
now be evaluated:

(38)

The mean square error (46) clearly depends on how the
are chosen. An interesting question is how
weightings
should be chosen for lowest possible error variance.
is minimized if
Proposition 2: The error variance

, but
The sampling interval is in principle defined as
is allowed to ensure that is an
a small perturbation to
). This perturbation will only have
integer (i.e., so that
a small effect on the final result.
, we can then assume that
and
are unFor
correlated random variables. In the following we also require
(and
) can be considered constant within
that
. That is, for
,
each frequency interval
(and that
it is assumed that
). The gradient
can then be approximated in the
following manner:

(46)

(47)
Proof: Define the following matrices:
(48)
(49)
(50)
Then, it is easy to see that
(51)

(39)
for
, it follows
Assuming that
from well-known matrix optimization results (see e.g., ([19],
Appendix II.2)) that the best possible weightings are given by
.
is unknown. However, note
In general, the quantity
that

where

(40)

(52)
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Hence, a natural estimate of
is
,
which interestingly enough results in a GCC-method known as
the PHAse Transform (PHAT) time-delay estimator [16]. The
above calculations then indicate that PHAT is the GCC method
most suitable for reverberant environments, which agrees well
with earlier observations cf. [20]–[22].
For large SRRs, our numerical experience is that the derived
results quite accurately predict the actual performance. As the
SRR decreases, we have however observed a discrepancy due to
the fact that terms of order have been neglected. Including the
[cf. (31)], the GCC error variance with respect
effects of
reads as
to

Exactly as in [23] we have used (the inverse of) the band-width
of
to sample
with sample interval
, and as in
[23] an anomalous event is defined as
(57)
. To be able to compute
we require knowledge of the statistical properties
of the vector . Once again we will encounter difficulties
,
incorporating the effects of the correlation-function of
and as in the previous section we simplify the problem with the
following approximation:
where

(53)
(58)
Note that the dimension of (53) is
similarity with the CRB (25).

, and observe the

where

, and
(59)

E. Probability of an Anomalous Estimate
Knowledge of the large SRR mean square error (53) for a particular room configuration is certainly an important piece of information. However, expression (53) is rather local in the sense
that it is reachable only for large SRRs.
In practical applications, the limiting factor of the performance is typically the fact that GCC-based localization
methods suffer from outliers, simply because the “wrong peak”
is selected. It is therefore of
of the GCC function
interest to analyze the probability of an anomalous estimate.
For the case with single-path propagation and additive uncorrelated measurement noise, Ianniello analyzed this probability
in a classical paper [23]. The purpose of the following section
is then to extend Ianniello’s analysis to include the effects of
room reverberation.
Analysis of the outlier probability is difficult, and as in the
previous section we have to make a couple of simplifying assumptions. To begin with, let us assume that the zero-mean
fulfills
wide-sense stationary random process

is defined as in Section III.D, i.e.,
The frequency spacing
. Define the vector as
(60)
Consider the expected value of an arbitrary element of . Since

(61)
. Consider next the covariance between
Hence,
two arbitrary elements of

(54)
(62)
.
We further assume that the GCC weighting equals
As in Section III-D, we study only the behavior of the random
.
variable
satisfies (54)
When the power spectrum of
(55)
, and
Note that
for integers
. Define next the maximum pos. Let be the smallest integer that
sible time-delay as
, and let be the largest integer that
fulfills
. Define also the
-dimenfulfills
sional vector from an equidistant sampling of
(56)

Hence, the components of are uncorrelated with identical variances. The remaining issue is to find the distribution of . For finite the distribution of is difficult to find, simply since we do
. For large, on the other hand,
not know the distribution of
we invoke the central limit theorem to argue that is Gaussian.
, which appears in (61) and (62),
Note that the factor
and can be replaced
does not affect the computation of
with e.g., unity. It is thus the quantities
and
that determines the outlier probability. Assuming that
is Gaussian, and that
can be evaluated as [23]
(63)
Here, we introduced the following notation.
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•

, i.e., the GCC function evaluated at the true
.
time-delay. With the above assumptions,
. With the above assumptions,
•
.
: PDF of .
•
: PDF of .
•
The integral (63) typically has to be evaluated using numerical
integration.
representing speech, assumpIn a practical setup with
tion (54) is typically violated. However, we conjecture that the
above results are relevant also for colored source signals, assuming that we apply a GCC method (such as PHAT) that employs pre-whitening. We will return to this issue in the numerical
examples.
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Concentrating the resulting likelihood function with respect
to “nuisance” parameters, the following criterion function is obtained:
(67)
denotes the projection matrix onto the orthogonal
where
complement of the space spanned by
(68)
with reThe time-delay is estimated by minimizing
is nonlinear in ,
spect to . The criterion function
it does not depend on .
but in contrast to

IV. ML ESTIMATION OF

V. NUMERICAL EXAMPLES

Although we have shown that PHAT may be considered as
the GCC-estimator most suitable for reverberant environments,
for the
it may be of interest to study the ML estimator of
model (22). It should also be noted that PHAT is applicable only
to the case with two microphones, whereas the ML estimators
to be proposed easily can include measurements from
microphones.
consists of uncorreAssume that the sequence
lated and Gaussian random variables

(64)
denotes the number of microphones, i.e.,
.
Here,
Concentrating the log-likelihood function with respect to
, straightforward calculations show that the ML
is obtained by minimizing the following
estimator of and
criterion function:

(65)

cannot be concentrated with respect
Unfortunately,
to , which leads to a prohibitively large computational complexity. Therefore, we consider the resulting estimator to be of
theoretical interest only.
We next derive an Approximate ML (AML) estimator, which
is more attractive from a computational point of view. Assume
consists of uncorrelated and Gaussian
that
random variables with the following distribution:
(66)
are modeled as unknown but determinHence,
istic parameters. We further ignore the fact that the variance of
is proportional to
. Instead, we allow the paramto be frequency dependent.
eters

A. Properties of
In the first examples, we will assume that an infinite number
is available. The derived CRB is then
of measurements of
not relevant, and we focus on the outlier probability (63) and on
the GCC error variance (53).
We study a scenario identical to the one in Section II-C1,
and we generate realizations of the room transfer function in
an identical manner. We assume that the sampled source signal
is white, and that
kHz. The source signal
kHz.
then satisfies (54), with
, we compute
for
For each realization of
, and
is estimated from the maximum of
. To get subsample resolution, the estimated time-delay is
refined using quadratic interpolation, cf. [23].
m, and vary the reverberation time in
Suppose that
is white, also frequencies
the interval [0.03, 1] s. Since
that are below the Schroeder large room frequency excites the
room transfer function. However, for the studied interval of reHz. The fraction of the signal
verberation times,
spectrum not satisfying condition A2 is hence considered small.
Let us study the performance of GCC, assuming that
. In the computation of the GCC error variance
(53) and the outlier probability (63) we have used
rather than the “derived” expression (10). Note, in agreement
with the definition in Section III-E, an outlier is defined as
for at least one
the following event;
. To present the empirical standard deviation of in a fair
.
manner, we exclude estimates not satisfying
Consider then Fig. 5, which show a good match between the
theoretical and the empirical results. We however note that the
GCC error variance (53) is overly pessimistic for small values
(
s). The reason is probably that the number
of
of received echos is too few for diffuse sound to be present, incorresponds to diffuse sound
validating the assumption that
propagation.
In Fig. 6, we next consider the influence of the microphone
separation . The simulation is identical to the previous one,
s and instead vary in
with the distinction that we let
m, the assumption that the
the interval [0.05, 1] m. For
is negligible seems applicable.
spatial correlation of
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Fig. 5. Standard deviation and outlier probability of the estimated time-delay
as a function of SRR. Here r = 3 m,  = 0;  = 10=T , and the results are
based on 300 Monte Carlo simulations.

Fig. 7. Standard deviation and outlier probability of the estimated time-delay
as a function of the distance between the source and the microphones. Here
d = 1 m,  = 0; T = 0:4 s, and the results are based on 300 Monte Carlo
simulations.

Consider finally Fig. 7, where we study the GCC error variance for various distances between the source and the micros, and
phones. In Fig. 7 we applied a fixed
m. The empirical results show a good agreement with the the– m. A plausible exoretical error variance only for
planation is that the results in Fig. 7 are affected by early reflections. When decreases, the microphones will receive a number
of strong early reflections, invalidating the assumption that
corresponds to diffuse sound propagation. Hence, to fully explain the results in Fig. 7, one probably has to include the effect
of dominant early reflections in the analysis.
B. Finite Sample Effects

Fig. 6. Theoretical and empirical standard deviation of the estimated
time-delay as a function of the microphone separation. Here T
= 0:4
s, r = 3 m,  = 10=T , and the results are based on 300 Monte Carlo
simulations.

In Fig. 8 we study the performance for a number of different
s.
sample sizes. The reverberation time is fixed at
We study the AML method together with two variants of GCC:
. In the simulation we
PHAT and a variant with
have included additive white zero mean Gaussian measurement
noise. The noise level is chosen such that the ratio between the
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Fig. 8. Standard deviation and outlier probability of the estimated time-delay
as a function of N . The source signal is a white Gaussian random process. Here,
T = 0:4 s, r = 3 m,  = 0;  = 10=T , and the results are based on
500 Monte Carlo simulations. Legend “CC” refers to the GCC method with
jG(! )j
= 1.

Fig. 9. Standard deviation and outlier probability of the estimated time-delay
as a function of N . The source signal is generated as in (69). Here, T = 0:4
s, r = 3 m,  = 0;  = 10=T , and the results are based on 500 Monte Carlo
simulations. Legend “CC” refers to the GCC method with jG(! )j = 1.

direct-path signal power and the noise power equals 40 dB. In
Fig. 8 the source signal is a white Gaussian random process,
whereas Fig. 9 illustrates the case with a colored source signal

and
are independent and the frequency correlawill affect the performance. In Figs. 8–9 we
tion of
have handled this issue in a heuristic manner (legend “Modified CRB”). As previously discussed, the reverberant transfer
function has a coherence bandwidth . Within the band-width
of the source signal there are approximately
uncorrelated samples of
. For
, the modified
CRB of Figs. 8–9 is obtained from (25) with the distinction that
. In this case the modified CRB hence corre, the modisponds to the GCC error variance (53). For
fied CRB is obtained from the original expression (25). In practical applications the GCC error variance (53) hence appears to
be a more relevant performance bound than the CRB.
Note, to present the results in a fair manner (Figs. 8 and 9),
any estimate not satisfying
was excluded from the calculation of the empirical standard
deviation.

(69)
is a white zero mean Gaussian random process.
where
Since we would like to simulate the averaging operator
, we generate a new realization of the source signal for
each realization of the room transfer function.
First, we notice that the derived CRB is reachable only for
small. This is most likely an effect of an (quite unrealistic)
. Based on our previous
assumption on the Gaussianity of
, it is reasonable to
discussions, and assuming a realistic
and
are Gaussian. The product
assume that both
is then not Gaussian. The fact that
and
are uncorrelated for
, then does not imply that
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We notice further that 1) “CC” performs worse than PHAT
and AML when the source signal is colored and 2) the theoretical probability of an outlier agrees well with empirical observations also for colored source signals, as long as PHAT or AML
).
is applied and as long as is large (i.e.,
From Figs. 8 and 9, we also draw the conclusion that AML
does not perform better than PHAT. The possible advantage of
AML is instead that it offers simultaneous processing of several
microphone signals in an effective way.

VI. CONCLUSION
Several studies in the literature have indicated that the
problem of localizing acoustical sources in the presence of
room reverberation is difficult, and there has been an interest in
analyzing the performance when room reverberation is present.
In the first part of the paper, we applied the theory of statistical room acoustics to develop a statistical model that explains the effects of room reverberation. In the second part we
applied the reverberation model to perform a statistical analysis.
The Cramér-Rao lower bound for the variance of the estimated
time-delay was derived, and a statistical analysis of GCC-based
time-delay estimation was given. In this context, our contributions are 1) an explicit expression for the GCC error variance
has been derived and 2) the probability of an anomalous estimate has been established.
The theoretical results were evaluated in a number of numerical experiments, where the image method was applied to simulate the room transfer function.
The performed statistical analysis is by no means exact; to be
able to perform the derivations several simplifying assumptions
were introduced. For our specific numerical examples, the theoretical error variance of GCC showed a good agreement with the
empirical results as long as 1) the reverberation time was greater
m, and 3) the distance between the source
than 0.07 s, 2)
and the microphones is larger than 1.5–2 m. For reverberation
times shorter than 0.07 s, the room impulse response contains
“too few” echoes for the assumption of diffuse sound to be applicable. For small source-microphone distances, the presence
of early dominant reflections invalidates the assumption of diffuse sound.
Regarding the derived CRB, it seems reachable only for small
sample sizes. This is most likely an effect of an unrealistic assumption on Gaussianity.
Empirical observations together with the presented theory
show that GCC-based localization techniques are reliable only
for relatively large values of the signal to reverberation ratio
(SRR). Especially cumbersome is the fact that GCC-based localization techniques tend to produce large errors (outliers) undB
less the SRR is large. In our numerical examples,
typically guarantees that the probability of outliers is tolerable.
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